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The exemple of double sparse NMF

> Data matrix Y € RmM*m
» decomposition rank r € N*
> unknown factors X; € RT"*", j € {1,2}

i KL(Y, X, X, X X 1
xomin (Y, X1 Xy ) + pa || Xalln + pal| Xa|l1 (1)
X true X3 true X1XJ estim u= 0 Xy X] true

X1 estim X, estim

Figure: Mixture of three separable Gaussians, p1 = 2 =: p.
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Properties of sparse NMF

No work dedicated to the characterisation of sparse NMF solutions!)

We don’t know how the solution behave with g1, po.

» In which space live the solutions?

» How to choose the regularization parameters?

Some related works on dictionary learning (no nonnegativity)
[Georgiev 2005, Aharon 2006, Gribonval 2015, Cohen 2018] deal
with identifiability. In [Cohen 2019] we show that empirically
nonnegativity can help.
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Homogeneous Regularized Scale Invariant problem

We study a larger class of problems than sparse NMF, coined HRSI

min  F({Xiti<a) + > 1 Y &i(Xil:,q]) (2)

i . i X
Vi<n, X;eRmMi*x" i1 a=1

> f is a scale-invariant differentiable cost (e.g. ||Y — X1.X7 ||2).
Scaling {Xi}i<n: Xil\; with diagonal A; and [LichNi = 1.

> g; are homogeneous positive-definite (e.g. ¢, norms) of
degree p;.

> i are nonnegative regularization hyperparameters.

» X; are the unknown factors, Xi[:, q] their g-th column.

It covers sparse NMF, regularized Canonical Polyadic
Decomposition, Nonnegative Tucker Decompositions...
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Takewaway message

Scale invariance induces implicit penalization in
HRSI.

> Better understanding of how to choose regularizations g;, and
hyperparameters ;.

> Better algorithms that converge faster in loss function.

» No solution characterisation yet.
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Outline

€@ Implicit balancing in HRSI

9 Explicit algorithmic balancing in alternating algorithms

e Showcases on sNMF, rCPD and sNTD
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Implicit balancing in Homogeneous
Regularized Scale Invariant models
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Our main result

Proposition [C., Leplat, in review]
Explicit HRSI

min f({Xi}ti<n) —|—Z,Uizgi(xi[:zq]) (3)

0 ) B5%
vi<n, X;eR™i* f=il qg=1

is essentially equivalent to an implicit HRSI problem

e N\ T3
Comin F({Xiti<a) + B [T (Xl gl | =77 (4)
Vi<n, X;eRMi*r e Vi
Also, solutions are balanced: p;u;gi(X;*[:, q]) is constant wrt. i.
v

» Implicit HRSI is fully scale-invariant.

» The nature of the regularization can change from explicit to
implicit HRSI.

» Only an average ji of parameters p; matters!!
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Proof sketch
Solutions to the scaling problem of HRSI

min f({XiNi}ti<n) + i i i gi(Nilg, g1 Xil:, q])

Vi<n, NieR" Fa i —

(5)

where A; are diagonal matrices such that H,-S,, A; = I, are given by

). 1 Bq Ve
% ["q]_<piﬂ/g;(X;[:,q])> Xl dl

Aila,q]*

where 3, is the geometric mean of {p;u;gi(Xi)[:, ql, é}ién-
Injecting this in HRSI yields an implicit formulation of HRSI:

min  F({X\}i<n) HLZ(H& L. q])? >E"n”1"

Xi(s)eRm;Xr q—1

(6)

(7)

with fi averaged from {u;}i<n.
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Implicit regularization, ridge matrix
It is known [Srebro 2008] that

argmin ||Y = XX [E+ A (IXE + 1%1F) ()
)<1 7X2 ER"I' Xr

has essentially the same solutions as, setting L = X1X2T,

argmin - ||Y — L[|F +a|lL||. (9)
LeR™M>M2 rank(L)<r

From our result, we get the implicit formulation

argmin |V = LI +a 3 [ILgllr (10)
rank(Lg)=1 q<r

with L=3, Ly =3, X1[:,q] ® Xa[:, q] "

U5 regularization in explicit HRSI induces low-rank solutions! )

Mentionned in [Uschmajew 2012] for CP decomposition. 103



Implicit regularization, sparse NMF

, T
O L KLY, X1 X3 ) + pa || Xall1 + pal|Xall1 (11)

The implicit HRSI model for sSNMF writes

: ¢ VITH2 &
KL(Y L S Lollr. (12
min ( ,; q) + > q;l\/” glli- (12)

LqG]RIl *™2 rank(Lqg)<1

» The individual sparsity levels p; don't matter?!
» Sparsity occurs at the level of rank-one components.

Open question
Can we use this implicit formulation to characterise solutions?

Already investigated in [Papalexakis 2013].
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Explicit balancing in alternating algorithms
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Alternating optimization is slow?
Consider the toy problem with y € R, and 0 < A < y.

min _f(x1,x2) where f(x1, %) = (y —x1x)? +AE+x3) . (13)
x1ER,xpER

Solutions are balanced, x* = vy — A J

The Alternating Least Squares algorithm

(k)
(k+1) _ %'y
X1 =

A
2 i) (14)
1 y
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Alternating optimization is slow? (2)

Cost function value with respect to iterations Values of x1, x and yy —A
-2
2.012x 10 "
e X2
2.01x107? N
- y=2
2.008 x 1072 3.2
2.006 x 1072
2.004 x 1072
2.002x 1072 31
2x1072
10000 20000 0 10000 20000
Values of x1x; and y — A Error decrease per iteration
0
9.999 x 10 1078 —— Measured
9.99899 x 10° 10-° -=-- Theory
9.99898 x 10° 10710
9.99897 x 10° 101
9.99896 x 10° 1071
-13
9.99895 x 10° 10
— xix; 10~
9.99894 x 10° e y-A
1071
10000 20000 0 10000 20000
Iteration Iteration

Figure: y = 10 and A\ = 1073,
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Balancing in practice

Observation: An alternating minimization algorithm can be
extremely slow to converge to balanced solutions.

Explicitly normalize factors to minize the loss wrt. scalings. I

The normalization for X; is of the form

5 1/pi .
PPan q])) Xl al (16)

Xl q]" = (

where (3 is the weighted geometric mean of the regularizations.
We can perform this operation for each parameter matrix at the
end of each outer loop of e.g. MU for sSNMF.
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A meta algorithm for regularized LRA

We propose a generic alternating Majorization Minimization
algorithm with balancing, that converges in cost and iterates.

% Main optimization loop:
for k = 1 : maxiter do
fori=1:nandg=1:rdo
X[ q kD)« argmin, 1, 6(xI X[, a]¥)
end for
{X,(Hl)[:., ql}i<n balanced using (16) for all g < r
end for
return {Xi[:, q]}i<n

Bonus contribution

We derive (closed-form) updates for ¢5 regularizations with
beta-divergence loss. E.g. for KL divergence and p = 2,

X[K] < V€2 + 8ux[k]t — ¢ (17)

4

with > 0 and ¢, t depend on data and X;. 16/34




Showcases: sNMF, rCPD, sNTD
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Explicit Models

double sparse NMF (sNMF)

min KLY, X1 X)) + pa|| X1 + p2]| Xall1

X X
X eRTP XpeR2*

ridge Canonical Polyadic Decomposition (rCPD) ot

min [V =k x1 X0 %2 X0 x3 Xa|[E -+ (X 1E + [ XelE + (X1} )

X,'G]RJr

[ g
sparse Nonnegative Tucker Decomposition (sNTD) D @
in the paper!
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Implicit equivalent models
implicit sSNMF

__min KLY, Lg)+ 2/ Y 4/ ILgll1. (18)
LgeR] 1XM2 rank(Lg)<1 q—1 q—1

» Empirically, tuning 1 vs up has an effect, right?

» Does explicit balancing in a MU algorithm really help?

implicit rCPD with L, = Xi[:, q] ® Xo[:, q] ® X3[:, q]

2
Lehe < 1Y = ZLIIFHuzu Loz (19)
q r»ran

» Empirically, do we observe a biais towards low-rank solutions?

» Does explicit balancing in a HALS algorithm really help?

19/34



Experimental Setup

XP sNMF rCPD
sizes (nj, r,t) (30, 4, 4) (30, 4, 6)
data generation | X; ~ P(aX1 Xy ) | Xi ~U[0,1]
factors sparsity 30% None
SNR 40 40
epsilon le—16 le—16

sNMF: Two cases p3 = pp and p3 =1

Both: Comparing balancing, no balancing and balancing at
initialization only.

Evaluation with loss function, sparsity and Factor Match Score

Tr (H )“<,.TX,-> (20)

(after columnwise normalization and permutation).
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sparsity ratio

Results for sNMF
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Results for rCPD
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component_count

o]
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Results for rCPD
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Conclusions

Take-aways

» Explicit regularizations may behave unexpectedly because of
scale invariance.

» Don't tune the hyperparameters independently!

» Balance your solutions in the algorithm, or at least at first and
last iteration.

v

Perspectives

» What about non-homogeneous/non positive definite
regularizations?

="x

Thank you for your attention! @&
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Updates for sSNMF
MU factor update:

o X2 xMxl
Xi=max | X1 ® 2 T , €
H1€myxr + €my X X2 €mo

mT T
XX

H2€myxr + €my, & Xler

)A<2 =max | Xo ®

Balancing:

_ Ba
pal|Xal:, allla
B
p2||Xa[: gl

where g = /u1p2| X5 al 1L alll

Xi[: q] + X[, g

Xal:, q] Xal:, q]

(23)

(24)
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Results for rCPD
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Sparse Nonnegative Tucker is harder

NTD does not fit HRSI because scaling ambiguity is not separable.J

HT
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Two possible scalings

Scalar scaling

min f({w,h,q,&}) + p(llglls + wlF + 81 + [lgl?) (25)

w>0,h>0,
q>0,6>0

where w = vec(W), h = vec(H), g = vec(Q), g = vec(G).

Sinkhorn scaling

argmin [|G x1 Aw x2 Ay x3 AgllL + WA |7

Ay diagonal
argmin [|G x1 Aw x2 Ay X3 Agll1 + HHA#H%

Ay diagonal

argmin [|G x1 Aw x2 Ay x3 Mgl + | QAGHIF -
Ag diagonal

(26)
(27)

(28)
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Ridge regularized factors estimation with KL

The problem

argmin KL(V|WU) + p|W||% (29)
W>0

can be solved by iterating

W = max ([CQ + 5}% — C,e) (30)

24

where C = EUT with E is a all-one matrix of size my-by-myms3

and S = 4uW © <[|%] UT>.
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An audio redundancy detection experiment

We perform sNTD on a tensor spectrogramm, factor @ holds the
song arrangement.

¥ % ¥ ¥ Y  CuttingBars

) Stack
S w-;.mw"pw
F %Fiwl il mmhlm TR T e T UTITIRE i
SG- ent
15 W I mew s AR 7
B 4 | LLE [l | ||||||HI
0:00 0:50 . 230 4:10 Pitch-class
Chromagram of “Come Together”, by The Beatles Profiles

Time at barscale

Note: sparsity is imposed on Q not on the core. 31/34



An audio redundancy detection experiment

alg: sinkhorn

reg: 0 alg: sca
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Optimizing scale in HRSI

inf Xiticn) = inf Xil\i}i<n
e B AN = 00N

with ¢ the HRSI cost function.

» The loss in HRSI is separable with respect to scales of factors.
We consider the case r = 1 wlog. (X; — x;)

> Since f is scale invariant, scaling the factors, i.e.

min F({\ix;}i 4 igi(ixi 31
Hign)‘i:L)\i>0 ( yi<n) ;Mg( ) (31)

for fixed values of {x;}i<, means finding the optimal scales to
minimize the penalties

min Z)\f’

Migi(Xi) (32)
Hign/\,-:l, Ai>0 i H;—/

where p; is the homogeneity degree of g;. 13/3



A geometric mean identity

min Z)\ tel que H/\ =p (33)

i<n, \j
Vi<n, \i>0 i<n

for p > 0 is solved uniquely by A7 = p/" for all i < n.

We can prove similarly that

m Pia; h th =1 4
ih |£\1>OE A a;j such that ,I |1)\ (34)
has solutions 5
= 35
' piai ( )

where  is the geometric mean of {p;a;, %}iSn

1

L\ D<o
5=(H<p;ai>z—) . (%)

i<n
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